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regret theory suggests that the decision maker should also take into consideration the alternative
outcome from the other random variable. This comparison may cause rejoicing — if the actual
outcome is better than the alternative — or regret.

Both Bell and Loomes and Sugden assumed that the evaluation of the regret should be addi-
tive. That is, for two random variables X = (x1, s1; . . . ;xn
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The aim of this paper is to find conditions over a preference relation such that it will satisfy
distribution regret. Formally, we ask under what circumstances will a preference relation satisfy
Eq. (3) above.

Our first observation is that transitivity of a distribution-regret relation leads to an enormous
simplification of the regret function. Instead of evaluating the regret of receiving the outcome x

out of X when the alternative lottery was Y , one can evaluate regret with respect to the certainty
equivalent of Y . In other words, if Y and Y ′ are equally attractive, then the regret of x with
respect to both is the same.

Lemma 1. Let � be a distribution-regret preference relation. Then � admits a two-dimensional
regret function ψ∗ : D × D → � and a regret functional V ∗ such that

X � Y ⇐⇒ V ∗(ψ∗(x1, cY ), p1; . . . ;ψ∗(xn, cY ), pn

)
� 0

⇐⇒ V ∗(ψ∗(y1, cX), q1; . . . ;ψ∗(ym, cX), qm

)
� 0

where cX and cY are the certainty equivalents of X and Y respectively.

Proof. Let ψ be the regret function and V the regret functional that represent �. For y ∈ D,
define ψ∗(x, y) = ψ(x, δy), where δy denotes, with a little abuse of notation, the lottery that
yields y with probability 1, and define

V ∗(ψ∗(x1, y),p1; . . . ;ψ∗(xn, y),pn

) = V
(
ψ(x1, δy), p1; . . . ;ψ(xn, δy), pn

)
Then, by transitivity,

X � Y ⇐⇒ X � δcY

⇐⇒ V
(
ψ(x1, δcY

), p1; . . . ;ψ(xn, δcY
), pn

)
� 0

⇐⇒ V ∗(ψ∗(x1, cY ), p1; . . . ;ψ∗(xn, cY ), pn

)
� 0 �

The requirement in Lemma 1
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As a consequence of Lemma 1, we use the following definition of distribution regret without
loss of generality:

Definition 4. The preference relation � is distribution-regret based if there exists

a. A continuous function ψ : D × D → �, strictly increasing in the first argument and strictly
decreasing in the second argument.

b. A strictly increasing and continuous functional V : R → � such that

X � Y iff V
(
Ψ (X,cY )

)
� 0 iff 0 � V

(
Ψ (Y, cX)

)
,

where Ψ (X,cY ) = (ψ(x1, cY ), p1; . . . ;ψ(xn, cY ), pn) is the regret lottery evaluating the
choice of X over δcY

(hence over Y ), Ψ (Y, cX) is the regret lottery evaluating the choice
of Y over δcX

(hence over X), and R is the set of such regret lotteries.

For any x
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X ∼ δcY
⇒ V

(
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The intuition behind consistent preferences is simple and compelling. A preference relation
can be described by its indifference curves. Assuming continuity, it is enough to know the shape
of a countable set of such indifference curves to know the whole relation (for example, the set of
indifference curves along which V is rational). This is, of course, less information than knowing
a continuum of indifference curves, but it is still a lot. At the other extreme stand preferences
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Proposition 3. If the preference relation � is consistent then it satisfies distribution regret.

Proof. For every Z ∈ L (except for Z = δx for x on the boundary of D), define λ(Z) to be the
number λ such that f (cZ,λ) = 0.10 Definition 5, together with continuity, implies the existence
of λ(Z) for every Z ∈ L, including Z = δx where x is on the boundary of D. Let U be the
representation of � satisfying U(δx) = x for all x. Define ψ(x, cY ) = f (x,λ(Y )).11 That is,
ψ(x, cY ) is the number into which x is transformed via f by applying λ(Y ) to it, where λ(Y ) is
the number that transforms the certainty equivalent of Y to 0. For example, if � is CARA, then
λ(Z) = −cZ and ψ(x, y) = x − y. From Definition 5d, we know that for any x ∈ D we have
f (x,λ(Y )) ∈ D. Let

f
(
X, λ(Y )

) = (
f

(
x1, λ(Y )

)
,p1; . . . ;f

(
xn,λ(Y )

)
,pn

)
= (

ψ(x1, cY ), p1; . . . ;ψ(xn, cY ), pn

)
= Ψ (X,cY ) (4)

By consistency

X � Y ∼ δcY
⇐⇒ f

(
X, λ(Y )

) � f
(
Y, λ(Y )

) ∼ δf (cY ,λ(Y )) = δ0

⇐⇒ U
(
f

(
X, λ(Y )

))
� U

(
f

(
Y, λ(Y )

)) = U(δ0) = 0

Let

V
(
Ψ (X,cY )

) = U
(
f

(
X, λ(Y )

)) = U
(
Ψ (X,cY )

)
(the second equation follows by Eq. (4)). Therefore

X � Y ⇐⇒ U
(
Ψ (X,cY )

)
� 0

⇐⇒ V
(
Ψ (X,cY )

)
� 0

Hence � satisfies distribution regret. �
To illustrate, we show the explicit form of distribution regret associated with the rank-

dependent model (see Example 2c above). Assume, without loss of generality, u(0) = 0. For
Z = (z1, r1; . . . ; zn, rn) with z1 � . . . � zn, the certainty equivalent cZ of Z satisfies

cZ = u−1

(
u(z1)g(r1) +

n∑
i=2

u(zi)

[
g

(
i∑

j=1

pj

)
− g

(
i−1∑
j=1

pj

)])

For the rank-dependent model, we defined f (x,λ) = u−1(u(x) + λ) hence

f
(
cZ,λ(Z)

) = 0 ⇒ λ(Z) = −u(z1)g(r1) −
n∑

i=2

u(zi)

[
g

(
i∑

j=1

pj

)
− g

(
i−1∑
j=1

pj

)]

The function U that represents that preferences � while satisfying U(δx) = x is the function
U(Z) = cZ given above. The function ψ(x, cY ), the regret of obtaining outcome x in X when
the alternative lottery was Y , is given by

10 We assume that 0 ∈ int[D]. If this is not the case, then for some d ∈ int[D], let f (cZ,λ(Z)) = d and use the normal-
ization ψ(x, x) = d .
11 Observe that ψ(x, x) = ψ(x, cδx ) = f (x,λ(δx)) = 0.
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ψ(x, cY ) = f
(
x, λ(Y )

) = u−1(u(x) + λ(Y )
)

In other words, the utility u from the regret of receiving x in X when the rejected lottery was
Y equals the difference between the utility from x and the (rank-dependent) utility from the
lottery Y . This is a meaningful statement in the rank-dependent model where there is a utility
function u over outcomes. Most models do not admit such an interpretation.

Not all transitive preferences are consistent. We present next an example that does not satisfy
distribution regret and therefore is not consistent.

Example 3. Let � have a linear indifference curve I such that the preference relation above it is
strictly quasi-concave.12 An example of such a preference relation is provided in Chew, Epstein,
and Segal [5].

Let X, Y, Z ∈ I . Under the supposition that � satisfies distribution regret, we have
V (Ψ (X, cZ)) = V (Ψ (Y, cZ)) = 0, and by the linearity of I , for all α ∈ (0, 1), V (Ψ (αX +
(1 − α)Y, cZ)) = 0.

Let Z′ be a lottery on a non-linear indifference curve above I and let X′ and Y ′ be such that

Ψ
(
X′, cZ′

) =
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E[X] + αμ+
X = (1 + α)α ⇒ α =

−(1 − μ+
X) +

√
(1 − μ+

X)2 + 4E[X]
2

(8)

These preferences satisfy betweenness, therefore by Proposition 1, they satisfy distribution re-
gret.

Observe that

E[X] > 0 and Pr(X < 0) > 0 ⇒ X � δE[X] (9)

This follows because μ+
X > E[X] > 0 and if X ∼ δα , then by Eq. (8) we have α > E[X].

Suppose that the preference relation � is consistent. Let −1 < s, t < 0, and λ0 be such that
f (−1, λ0) = s and f (t, λ0) = 0. For every z � t we have

E

[(
z,

1 + t

1 + z
;−1,

z − t

1 + z

)]
= t, hence

(
z,

1 + t

1 + z
;−1,

z − t

1 + z

)
∼ (t, 1)

Consistency implies that(
f (z,λ0),

1 + t

1 + z
; s,

z − t

1 + z

)
∼
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Proposition 4. If the preference relation � satisfies distribution regret with a commutative regret
function ψ , then it is consistent.

Proof. Let d ∈ � be such that ψ(x, x) = d for all x ∈ D. (Definition 4a implies that d exists.)
Define f (x,λ) = y where ψ(x, y) = d − λ. That is, for all x and λ,

ψ
(
x, f (x, λ)

) = d − λ (13)

Let X � Y , hence by distribution regret, V (Ψ (X, cY )) � 0. As by Eq. (13)

ψ
(
cX,f (cX,λ)

) = ψ
(
cY , f (cY ,λ)

) = d − λ

we have from Eq. (12) that ψ(cX, cY ) = ψ(f (cX,λ), f (cY ,λ)), hence

Ψ (δcX
, cY ) = Ψ

(
δf (cX,λ), f (cY , λ)

)
Thus, δcX

� δcY
and distribution regret together imply that δf (cX,λ) � δf (cY ,λ).

Next, another application of Eq. (13) and then Eq. (12) implies that

ψ(xi, cX) = ψ
(
f (xi, λ), f (cX,λ)

)
Therefore, Ψ (X,c
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5. Discussion

We established that betweenness and consistent preferences are two families of transitive pref-
erences that satisfy distribution regret. Moreover, if the regret function ψ is commutative then
transitivity and distribution regret implies consistency, and betweenness and consistent prefer-
ences become the only two families of transitive preferences that satisfy distribution regret. That
weighted utility, which is a special case of betweenness preferences, satisfies distribution regret
was known from Machina [10] and Starmer [14].13
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